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Abstract

The stress triaxiality is, besides the strain intensity, the most important factor that controls initiation
of ductile fracture. In this study, a series of tests including upsetting tests, shear tests and tensile tests on
2024-T351 aluminum alloy providing clues to fracture ductility for a wide range of stress triaxiality was carried
out. Numerical simulations of each test was performed using commercial 6nite element code ABAQUS. Good
correlation of experiments and numerical simulations was achieved. Based on the experimental and numerical
results, the relation between the equivalent strain to fracture versus the stress triaxiality was quanti6ed and
it was shown that there are three distinct branches of this function with possible slope discontinuities in the
transition regime. For negative stress triaxialities, fracture is governed by shear mode. For large triaxialities
void growth is the dominant failure mode, while at low stress triaxialities between above two regimes, fracture
may develop as a combination of shear and void growth modes.
? 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

McClintock [1] and Rice and Tracey [2] have shown that fracture of ductile metals are strongly
dependent on hydrostatic stress by studying growth of long cylindrical voids and spherical voids,
respectively. Atkins [3,4] also pointed out that the criteria for fracture initiation should dependent
on hydrostatic stress. This conclusion has been independently arrived at by empirical routes [5–7],
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Nomenclature

�H hydrostatic stress
F� equivalent stress
�H= F� stress triaxiality
r the radius of the minimum cross-section
R the radius of the circumferential notch
R0 the initial value of R
F� equivalent strain
F�f equivalent strain to fracture
u displacement
uf displacement to fracture
D=H ratio of initial diameter to initial height of upsetting tests

 friction coeGcient
(�H= F�)av average stress triaxiality

by porous plasticity or void growth mechanics modeling [1,2,8,9], by continuum damage mechanics
[10], and by connecting initiation and propagation toughness mechanics [11–14]. Bao and Wierzbicki
[15] among others [16–19] have also observed that the mechanism of fracture is diHerent depending
on the amount of triaxiality.

Fracture ductility is understood as the ability of a material to accept large amount of deformation
without fracture. Equivalent strain to fracture is a good measurement of fracture ductility. Studies of
eHect of stress triaxiality on fracture ductility for metals performed in the past were mainly restricted
to high stress triaxiality regime by using pre-notched round tensile specimens and negative stress
triaxialities by upsetting specimens. Hancock and Mackenzie [20] carried out a series of tensile tests
on pre-notched steel specimens. They found that the ductility depends markedly on the triaxiality of
the stress state. The results of Bridgman’s [21] approximate solution was applied in their study. The
main features of Bridgman’s [21] analysis are that equivalent strain is constant across the minimum
cross section (numerical simulations have shown that there is variation of the equivalent strain along
the cross section and the maximum equivalent strain occurs at the center of the specimen [15]),
but the radial, hoop and axial stresses vary. The value of stress triaxiality increases from 1

3 at the
surface to a maximum value on the axis of the specimen, which is given by the famous Bridgman
equations(�H

F�

)
max

= 1
3 + ln

( r
2R

+ 1
)
; (1)

F�f = 2ln
(r0
r

)
; (2)

where, �H and F� are hydrostatic stress and equivalent stress, respectively, �H = (�1 + �2 + �3)=3,
F� =

√
1=2[(�1 − �2)2 + (�2 − �3)2 + (�3 − �1)2, where �1; �2 and �3 are principal stresses; r is the

radius of the minimum cross-section and R is the radius of the circumferential notch; F�f is equivalent
strain to fracture; r0 is the initial value of r. Various authors correlated the experimental results with
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the Rice–Tracey exponential function. Wierzbicki et al. [19] found that the following equation:

F�f =
(�H

F�

)n
(3)

with n = − 5
3 gives a better correlation with Hancock’s experimental data than the Rice-Tracey

criterion. Recently, Mirza et al. [22] performed an experimental and numerical study on three diHerent
materials and obtained relations of F�f and �H= F� for the high stress triaxiality. However, the literature
still lacks studies of fracture ductility in the entire range of stress triaxialities.

Given the wealth of experimental data and good physical understanding of factors governing the
onset of ductile fracture it is surprising that many leading nonlinear commercial codes such as
ABAQUS, LS-DYNA and PAM-CRASH still use an overly simpli6ed fracture criterion.

F�= F�f (4)

which is independent on stress triaxiality (Fig. 1 (a)). According to this approach fracture will
occur equally well under tension and compression. The results of upsetting tests proved conclusively
that there is a cut-oH value �H= F� = − 1

3 below which fracture will never occur no matter what the
magnitude of the equivalent strain may be, Fig. 1(b). For a plane stress condition the fracture zone
in the F�− �H= F� space can be mapped into the plane of principal stress or strain space. The regimes
“forbidden” to fracture are shaded in Fig. 2.
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Fig. 1. Fracture criterion in leading commercial codes.
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Fig. 2. Fracture zone in plane stress condition.
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The presentation of the fracture criteria by two lines as shown in Fig. 1(b) is appealing but
too simplistic for practical applications. The objective of the present research is to 6nd the actual
boundary between the fracture and no-fracture zone on the plane F�−�H= F� (fracture locus) for a wide
range of triaxialities. In this study, relations between F�f and �H= F� were determined from diHerent
tests which cover a wide range of the stress triaxiality i.e. from − 1

3 to 0.95. The limiting fracture
curve for the range of negative stress triaxiality was obtained from compression tests. The relation
for the range of low stress triaxiality was determined by a pure shear test, a test under combined
shear and tensile loading and a test on a plate with a circular hole under tensile loading. Finally,
the locus of fracture point in the range of high stress triaxiality was obtained by the classical tensile
tests on notched specimens.

2. Approach

A limiting fracture curve was found by comparing experimental results with detailed numerical
simulations. The procedure is brieRy described as follows:

(1) Perform a series of tests and obtain force–displacement responses.
(2) Perform parallel numerical simulations.
(3) Determine from tests location of fracture initiation and displacement to fracture uf for each case.
(4) Calculate evolution of the equivalent strain and the stress triaxiality at the fracture location

( F� vs. u and �H= F� vs. u) for each case.
(5) Determine the equivalent strain to fracture and the average stress triaxiality for each case.
(6) Plot the results from Step 5 in F�− �H= F� space and construct the limiting fracture curve.

3. Experiment

A series of 11 tests described in Table 1 including upsetting tests, shear tests and tensile tests
on 2024-T351 aluminum alloy were performed to predict the dependence of fracture ductility in a
wide range of the stress triaxiality. All the specimens were cut from a 6’ long, 6” wide and 3” thick
block of 2024-T351 aluminum alloy.

3.1. Tests for negative stress triaxialities (−0:3–0)

(a) Conventional upsetting test. One of the commonly used tests for fracture study is the uniaxial
compression of short cylindrical specimens between Rat platens (the so-called upsetting test). Be-
cause of friction between specimens and Rat platens, a barreling eHect occurs during the experiment
near the equator. The resulting secondary circumferential tensile stresses are developed causing the
specimen to fracture. Upsetting tests provide clues to the onset of fracture in the regime of nega-
tive stress triaxialities. In this study, compression tests were carried out on the cylinders shown in
Fig. 3 with ratios of initial diameter to initial height D=H 0:5, 0.8, 1.0 and 1.5. Deformed specimens
are illustrated in Fig. 4. A strong barrel eHect and the resulting 45◦ crack can be clearly seen.
Identical specimens were compressed to diHerent stages in order to capture the fracture initiation
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Table 1
List of the tests

Test Loading Specimen description Stress triaxiality
number �H = F�

1 Compression Cylinder (D=H = 0:5) −0:33 to −0:12
2 Compression Cylinder (D=H = 0:8) −0:32 to −0:05
3 Compression Cylinder (D=H = 1:0) −0:32 to −0:05
4 Compression Cylinder (D=H = 1:5) −0:32 to −0:05
5 Compression Asymmetric (Fig. 6) −0:4 to −0:09
6 Shear Flat (Fig. 8) 0 to 0.02
7 Combined shear and tension Flat (Fig. 9) 0.04 to 0.15
8 Tension Plate with a circular hole (Fig. 10) 0.33
9 Tension Round, smooth 0.33 to 0.5
10 Tension Round, large notch 0.6 to 0.7
11 Tension Round, small notch 0.9 to 1

Fig. 3. Cylinders with diHerent ratio of diameter and height.

Fig. 4. Deformed specimens with diHerent ratios showing shear fracture.

more accurately. Fig. 5 shows representative specimens at diHerent stages of compression. It was
observed that fracture occurred in the equatorial area.

(b) New compression test. Conventional upsetting tests involve a certain amount of friction be-
tween specimens and Rat platens. The presence of friction is responsible for the barrel eHect and
fracture, but it also brings diGculties and extra eHorts in performing numerical simulations (see
the numerical simulation section). A new promising type of compression test specimen shown in
Fig. 6 was designed and performed, which removes the undesirable eHect of friction and still
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Surface A Surface B

Fig. 5. DiHerent stages of upsetting tests.

Fig. 6. A new con6guration of compression test.

Fig. 7. Deformed specimens showing shear fracture.

provides fracture at the surface (Fig. 6). The specimen were machined as large diameter round
bars with a notched small gauge section in the middle. The deformation is very localized in the
gauge section and fracture initiation occurred at the equatorial area (Fig. 7). There is no deformation
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Gauge section 

(a) (b)

Fig. 8. A new specimen con6guration of pure shear tests: (a) undeformed specimen and (b) fractured specimen.

in the shoulders and hence there is no horizontal force acting on the ends of the specimen due to
friction. In other words, friction does not play a role in the test with this particular design.

3.2. Tests for low stress triaxialities (0–0:4)

A pure shear test, a test under combined loading (shear and tension) and a test on a plate with
a circular hole under tensile loading were developed and carried out to get information of fracture
ductility in the intermediate regime of the stress triaxiality.

(a) Pure shear test. A pure shear test is understood as one in which the hydrostatic pres-
sure is zero or very small compared to the equivalent stress at fracture locations. In a search
for the “best” shear test, a new specimen con6guration shown in Fig. 8(a) was developed using
the concept of a “butterRy” gauge section. The specimen was pulled through two pins. Fractured
specimen is displayed in Fig. 8(b), from which it can be clearly seen that fracture occurred due
to shear.

(b) Test under combined loading. By changing the shape of the gauge section of the pure shear
test, a specimen con6guration for combined shear and tension loading shown in Fig. 9(a) was
developed. Fractured specimen is illustrated in Fig. 9(b), from which it can also be inferred that
fracture occurs due to shear.

(c) Test on plates with a circular hole under tensile loading. A number of tests were pre-
formed on Rat rectangular bars with a circular hole subjected to tensile load [23]. As an example,
Fig. 10 shows the initial and 6nal shape of one of the specimens (4 mm thick, 50 mm wide and
20 mm radius of the hole). Fracture initiated at the middle of the circumferential surface of the
cut-out perpendicular to the load. This test gives a stress triaxiality �H= F� = 0:33 at the critical
location [23].
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Gauge section 

(a) (b)

Fig. 9. A new specimen con6guration of tests under combined loadings: (a) undeformed and (b) fractured.

        

Fig. 10. Initial and 6nal deformed shapes.

3.3. Tests for high stress triaxialities (0:4–0:95)

Conventional tensile tests were carried out on smooth round specimens and also on specimens
with two diHerent circumferential notches. Fracture initiated at center of the bar, where the stress
triaxiality and equivalent strain were the largest [15,20]. Those tests give information of fracture
ductility for the range of high stress triaxialities (0.4–0.95). The fractured specimens are illustrated
in Fig. 11.
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(a) (b) (c)

Fig. 11. Fractured tensile specimens. The specimens have the same diameter (9 mm) of the minimum cross section):
(a) smooth; (b) R= 12mm and (c) R= 4mm.

4. Numerical simulation

Parallel numerical simulations of all the tests were carried out using commercial 6nite element
code ABAQUS in order to obtain individual components of stress and strain tensors at fracture
locations. Four-node axisymmetrical elements, shell elements or solid element were introduced. A
detailed description on the way of determining the true stress–strain curve of the material was
described in Ref. [15]. For the completeness of the present paper, this curve for both tension and
compression is shown in Fig. 12. As a material model, we chose the isotropic plastic model (J2
plasticity) from the material input data in ABAQUS.

As an example, the deformed shape for the pure shear test is shown in Fig. 13. The deformation
is very localized in the gauge section. Correlation of the load–displacement response between the
experiments and numerical simulations are almost perfect for all the cases. As an example the degree
of the correlation for the upsetting tests and the new compression test is shown, respectively, in
Figs. 14 and 15.
In the 6nite element model of conventional upsetting tests and the new compression test, cylindrical

specimens were modeled as 4-node axisymmetrical elements. The compression platens were modeled
as rigid surfaces. A surface-to-surface contact with friction was introduced to model the interaction
between the platen and the specimen. A downward velocity boundary condition was applied at the
top platen while the bottom platen was 6xed. For conventional upsetting tests, friction coeGcients
between the platen and the specimen were determined by 6tting the experimental and numerical
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Fig. 12. True stress–strain curve for Al 2023-T351.

Fig. 13. Deformed shape of pure shear test specimen.

results. From the upsetting specimens depicted in Fig. 5, it can be found that the roughness of
surface A and surface B (outer ring), which originally is part of the circumferential surface, is
diHerent. Therefore, diHerent friction coeGcients were used to model the friction between platen
and surface A and the friction between platen and surface B in numerical simulations. Numerical
simulations with diHerent combinations of friction coeGcients of platen-surface A and platen-surface
B (see Fig. 3) were performed. The one with friction coeGcient 
 = 0:15 for platen-surface A and

 = 0:5 for platen-surface B gives good results (Fig. 14). Three friction coeGcients 0, 0.2 and 0.5
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Fig. 14. Comparison of load-displacement response (conventional upsetting tests).

Fig. 15. Comparison of load–displacement response (new compression test).

were introduced in the new compression test to validate that there is no friction eHect. Comparison
of force–displacement response is displayed in Fig. 15. The correlation between experiment and
numerical simulations are perfect. In addition, it is clearly shown that 6nite element models with
diHerent friction coeGcients give the same result. Therefore, this test is indeed independent of the
friction condition.
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Eight-node solid elements were introduced to model the plate with a circular cut-out. A 6nite
velocity was applied to one end of the model while the other end was 6xed. For the pure shear,
and combined shear and tension tests, shell elements were introduced. Two pins were modeled as
rigid surfaces and a node-surface contact was introduced to model the interaction between the pin
and the specimen. An upward velocity boundary condition was applied at one pin while another one
was 6xed. Plastic deformation is highly localized in the “butterRy” section.

Finally, numerical simulations of tensile tests on specimens with notch and without notch were
also performed using ABAQUS. Four-node axisymmetrical elements were used to model the round
specimens. A 6nite velocity was applied to one end of the model while the other end was 6xed. The
6nal diameter of the minimum cross section obtained from experiments and numerical simulations
is very close.

5. Result

Since the correlation of the experimental and numerical results is almost perfect in terms of the
load-displacement relation for all the cases considered in this study, it is reasonable to study the
fracture ductility based on the individual components of stress and strain tensors at locations of
fracture initiation obtained from numerical simulations.

From tests, fracture initiation is almost unequally de6ned at the critical locations by the displace-
ment to fracture uf. The critical locations of fracture onset were determined from experimental
observation and numerical simulations. In the classical compression tests and tensile tests, critical
locations were at the equatorial area and the center of the round bar, respectively. This observation
was also reported by a number of other studies. It was clearly observed that fracture initiated at
the middle of the circumferential surface of the hole perpendicular to the loading during the present
experiments on plates with circular holes. It was not possible to capture the exact location of fracture
initiation for the pure shear and the combined shear and tension during the tests. The critical location
was determined as the one where the maximum equivalent strain is the highest along the path of
the 6nal crack obtained from the test.

The displacement to fracture was determined by both observations during experiments and the
force–displacement responses. There is a signi6cant load drop in the force–displacement responses
in all tensile and shear tests. This drop is taken as the point of fracture initiation in this study. It
is true that load could still increase even if structure starts to crack because of material hardening.
However, it was observed that crack grows very rapidly during the tests. Therefore, it is reasonable
to take the beginning of the drop as an approximate indication of the onset of fracture since those
two stages are very close to each other. This type of sudden drop in force level did not occur in
some of the upsetting tests. Therefore, fracture onset for upsetting tests was determined by observing
the crack initiation on the external surface of the equatorial area during the experiment. Specimens
of the upsetting tests were compressed to diHerent stages and then were examined to determine exact
stage of fracture initiation.

The numerical simulations provide exact values of stress and strain components and also load-
displacement responses. The relationship between displacement and equivalent strain at the critical
location can be obtained from the numerical simulation for each case. Then, the equivalent strain to
fracture was determined as the equivalent strain which corresponds to the displacement to fracture uf.
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Fig. 16. Evolution of stress triaxiality for upsetting tests.

Fig. 17. Evolution of stress triaxiality for new compression tests.

Generally, the stress triaxiality during the entire deformation is not constant, especially in upsetting
tests, the stress triaxiality changes signi6cantly (Figs. 16–19). In order to construct the fracture locus
in the F�− �H= F� space, an average stress triaxiality is introduced, de6ned by(�H

F�

)
av
=

1
F�f

∫ �f

0

�H
F�
d F�; (5)

where F� is the equivalent strain and F�f is the equivalent strain to fracture. The justi6cation of the
above averaging procedure comes from considering the fracture locus corresponding to high stress
triaxiality. It was shown in Ref. [15] that onset of fracture in this range is controlled by the following
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Fig. 18. Evolution of stress triaxiality for the tests in the range of medium stress triaxiality.

Fig. 19. Evolution of stress triaxiality for tensile tests.

functional reaching a critical value.

D =
∫ �f

0

�H
F�
d F�=

(�H
F�

)
av
F�f: (6)

It can be seen that Eq. (5) is in fact a reinstatement of Eq. (6).
After obtaining the equivalent strain to fracture and the average stress triaxiality for each case,

the fracture locus in F� − �H= F� space was constructed shown in Fig. 20. It can be clearly seen that
equivalent strain to fracture diHers quite large for specimens under diHerent stress triaxialities. In
the range of negative stress triaixiality, the equivalent strain to fracture decreases with the stress
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Fig. 20. Dependence of the equivalent strain to fracture on the stress triaxiality.

triaxaility and reaches a minimum of 0.2 at the stress triaxiality �H= F�=0, which corresponds to the
pure shear test. Then it increases in the range of low stress triaxiality with the stress triaxiality and
reaches a peak of 0.45 at the average stress triaxiality �H= F� = 0:4 which corresponds to the tensile
test on the smooth round bar. Finally, it decreases with the stress triaxiality in the range of high
stress triaxiality.

6. Discussion

Shear fracture dominates in the upsetting tests, which is in the range of negative stress triaxialities.
Fracture occurs due to void formation in tensile tests on pre-notched specimens which is in the range
of high stress triaxialities, while at stress triaxialities between above two regimes, fracture may
develop as a combination of shear and void growth modes. Still it is not quite clear how does the
transition occur from the shear dominated fracture to fracture due to void formation. In this present
paper, it would appear that the transition point from the shear dominated fracture to fracture due to
void growth occurs around �H= F�= 1

3 , corresponding to the tensile test on smooth round specimens.
In fact in the cup-and-cone failure, fracture initiation 6rst at the center due to the void growth

mode and then changes to shear fracture as the crack approaches the surface [24]. A change of
the mechanism of fracture provides a clear slope discontinuity in the fracture locus, presented
in Fig. 20. The transition from one mode to the other depends on the type of materials and for
Al 2024-T351 it occurs at �H= F� = 0:4.

There are a suGcient number of points on Fig. 20 to be able to develop an analytical representation
of the fracture locus. It is convenient to distinguish three regimes and in each of these regimes



96 Y. Bao, T. Wierzbicki / International Journal of Mechanical Sciences 46 (2004) 81–98

develop a simple analytical expression. In the case of negative triaxialities a suitable class of functions
with a vertical asymptote was developed by Wierzbicki and Werner [25] based on experimental
results of Kudo and Aoi [26]. Using this expression, the best 6t of the present experiments on
upsetting was obtained by the following expression:

F�f = 0:1225 ∗
(
�H
F�

+
1
3

)−0:46

for �H= F� = −1=3–0: (7)

For low triaxialities (0–0.4) and for high triaxialities (0.4–0.95), a simple parabolic 6t found to be
satisfactory. The expressions are given in Eqs. (8) and (9), respectively.

F�f = 1:9 ∗
(�H

F�

)2 − 0:18 ∗
(�H

F�

)
+ 0:21 for �H= F� = 0–0:4; (8)

F�f = 0:15
(�H

F�

)−1
for �H= F� = 0:4–0:95: (9)

A plot of the above three equations together with the experimental results is shown in Fig. 21. One
can see that Eq. (9) is identical to Eq. (6) where the calibration constant Dc = 0:15. Note that the
subscript “av” has been dropped in the above three equations.
The critical strain to fracture for the new compression tests were somewhat higher than the

conventional upsetting tests on cylinders for the same amount of triaxialites. The discrepancy of the
results obtained from these two types of upsetting tests should be explained in the future study. It
would appear though that in the new compression specimen, the gauge section developed considerable
amount of orange skin deformation. Therefore it was very diGcult to observe visually the true onset
of fracture.

It is recognized that the fracture locus is speci6c for a given material. The main contribution of
the present paper is not necessary to derive such a locus for a particular aluminum alloy but rather to
develop a general methodology for constructing the fracture locus for any ductile material. Besides

Fig. 21. Experiments vs. curve 6tting.



Y. Bao, T. Wierzbicki / International Journal of Mechanical Sciences 46 (2004) 81–98 97

the stress triaxiality, some other parameters may have some eHect on fracture ductility such as plate
thickness, stress and strain gradient etc. This issue is the subject of the subsequent study [23].

7. Conclusion

A series of tests including upsetting tests, shear tests, and tensile tests on 2024-T351 aluminum
alloy, which provide clues to the dependence of fracture ductility on the stress triaxiality in a
wide rage of this parameter, were carried out. Parallel numerical simulations of all the tests were
performed using commercial 6nite element code ABAQUS. The correlation of experimental and
numerical results in terms of the load–displacement relation is very good.

In this work, the fracture ductility was found strongly dependent on the stress triaxiality. It was
also observed that shear fracture dominates in the upsetting tests which is in the range of negative
stress triaxialities. Fracture occurs due to void formation in tensile tests on pre-notched specimens
which is in the range of high stress triaxialities, while at low stress triaxialities between above two
regimes, fracture may develop as a combination of shear and void growth modes. Based on these
results the calibration procedure was developed and fracture locus was constructed in the space of
the equivalent strain to fracture and stress triaxiality, suitable for practical applications. The main
conclusion drawn from the present study is that there is a possible slope discontinuity in the fracture
locus corresponding to the point of fracture mode transition.
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